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SUMMABT 






A comparison, was made of the calculated response characteristics 
corresponding to the mn-ir-t mmn maneiiver of a variable— incidence, a canard, 
and a conventional tail-^ft— control, beamr-rider, guided missile, which 
are indicative, respectively, of a high positive, a low positive, and a 
negative lift ratio (the proportion of the lift developed by the movable 
control— sxirface deflection to the total lift in steady acceleration) . 

All three configurations were designed to have the sams weight, moment 
of inertia, and natxnral frequency, and to provide the same steady normal 
acceleration at identical angles of attack of the surface for which this 
angle is maximum. Differences in the response characteristics, there- 
fore, represent primarily the effects of changes in lift ratio. 

The results showed that for essentially the same practical limita- 
tions of normal acceleration and of the peak angle of attack of the sur- 
face which has the maTr-fTtmTn angle of attack, the normal— displacement 
performance of the VEiriable— incidence configuration is equal to or 
sli^tly better than that of the canard, depending on the type of guid- 
ance or control system used; and the performances of both are better than 
that of the conventional tail— aft— control missile. Consideration of 
additional factors such as servo energy, control— deflection interference 
limit, etc,, may, in an over-all evaluation, outweigh the small decrease 
in normal— displacemsnt response tines associated’ with the, hi^er positive 
lift ratios. In cases the displacement perfornfehcfe%*are limited 
primarily by the aerodynamic rather than the guidance and stabilization- 
system characteristics. 
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IMEQDCCTION 


In the design of a missile intended to intercept and destroy maneu- 
vering targets, it becomes necessary to select a value of the lift ratio, 
defined as the ratio of the lift developed by the movable control- 
surface deflection to the total lift at the design condition. If the 
remaining design requirements are assumed identical insofar as possible, 
differences in the lift ratio determine differences in the geometry of 
the missile j that is, whether the configuration will be a variable- 
incidence, a canard, or a conventional tail-aft-control missile. It is 
desirable, therefore, to have some concept of the relative response char- 
acteristics associated with changes in lift ratio before making a selec- 
tion of this important quantity. Others (references 1, 2, 3, and 4) 
have made somewhat similar investigations, but have not considered the 
performance in terms of the spatial response nor have given any consid- 
eration to the possible effects of the guidance and stabilization system. 
Since the relation between the lethal radius of the warhead and the 
targei^-to-^nlssile normal displacement at the time of conjunction is a 
measure of the effectiveness of a missile, it is the purpose of this 
paper to investigate and compare the effects of changes in lift ratio 
primarily in terms of relative normal displacement. Three widely dif- 
ferent values of lift ratio were assumed so as to obtain a configuration 
of each of the three types of missiles. In addition, a beam-rider 
guidance system was chosen eniploylng an error— lead network and a pitch- 
angle feedback stabilization system. 

As a preliminary step in this investigation the design considerar- 
tlons involved in the aerodynamics and control system are discussed a n d 
criteria on which to base a comparison of the missile performances are 
established. As will be shown, there are several, types of control sys- 
tems that may be used in conjunction with the missiles, two of which are 
included in this report. The first .system limits the control— surface 
deflection, while the second limits the angle of attack of the surface 
which has the largest angle of attack. Both analytical studies and 
differential— analyzer solutions are given for the comparison between 
missiles with each type of control system. Certain additional aspects 
are noted which are Indicated by the results of this study and must be 
considered in an over-all comparison. 

BEEINITIOIIS AHD SIMBOLS 


Critical surface: That surface which has the largest angle of a'ttack at 

the trim condition 
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Mazimum maneiiver : The maneuver of the missile vhich utilizes the max- 

imum capabilities of the missile 

Intemreil: The time during vhich the control— surface deflection, is at its 

limited value 

(For the control systems discussed herein the first and second inter- 
vals refer to the time during vhich the surface deflection is limited 
at positive and negative values, respectively, for positive lift-ratio 
missiles eind vice versa for negative lift-ratio missiles.) 

Deadheai response: A normal displacement response of the missile in vhich 

there is no overshoot above the center of the radar beam for a step dis- 
placement of the beam 

Design condition: The Mach number and pressure altitude at vhich the 

missile design requirements are fixed 

Ejj output of error lead— netvork limiter, volts 

output of error lead netvork, volts 

Ip output of pitchr-angle feedback circuit, volts 

ly. moment of inertia, slug-feet squared 

Ki reciprocal gearing of servo, volts per radian 

Kz gearing of the radar, amplifier, and lead netvork, volts per 

foot 

Kg gearing of pitchr-angle feedback circuit, volts per radian 

per second 


Kff steady value of — 

° 6 

L lift, pounds 

M moment, foot-po-unds 

E ratio of lift developed by the movable control— surface 

deflection to the total lift at steady acceleration 
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S 

Ti 

Ts, Ta, 


exposed sijrface area in one plane, feet squared 
servo time lag, seconds 


T4 Tg j constants of guidance and statilization circuits, seconds 

^a, L missile aerodynamic time constants, seconds 
Tm, Tr j 


Ts^ 

V 

T 

Zb 

Zm 

b 

c 


g 

I 


•7 

-■b 


m 


n 


missile aerodynamic constant, radian-seconds squared per foot 
missile velocity, feet per second 
transfer function 

normal displacement of radar beam from reference, feet 
step magnitude of Zq 

normal displacement of missile from reference, feet 
semi span of wing, feet 


local . chord, feet 


mean aerodynamic chord 



b/2 


\ 


c^dy 


b/2 j 

c dy/ 


acceleration of gravity, 32.2 feet per second squared 

distance between center of gravity and center of pressure of 
surface in presence of body, feet 

body length, feet 
mass of missile, slugs 


steady normal acceleration factor 


\ 32.2 
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P 

r 

t 

■f'm 

7 

a 

7 
5 

5l 

8 

e 


a complez variable introduced in the Laplace transformation 
lethal radius of varhead (assumed to be 15 feet) 
time , seconds 
miss time, seconds 

spanvise station of local chord c, feet 

angle of attack (fig. l) 

flight path angle (fig. l) 

control— surface deflection (fig. l) 

limited control— surface deflection (fig. 2 (a)) 

control deflection for limited critical— surface angle of 
attack (fig. 2 (b)) 

missile aerodsmamlc damping ratios 

angle of pitch ('fig. l) (0 = a + 7 ) 


Subscripts 


f front surface 

r rear surface 

ss steady values at trim conditions 

All angles are in radians unless otherwise noted. A ( * ) or ( * ’ ) 
above a symbol represents^ respectively^ the first or second derivative 
with respect to time. The symbols La, Ls, Ma, ... represent 

... etc. Other symbols used ezolusively in the appendixes 

3 a 38 3a 

are defined therein. 
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ERELIMIliAHT COESIDEEATIOIIS 
Transfer Functions 


The slnrplified linearized eqiiatlons for longitudinal motion referred 
to the axis system given in figure 1 are: 


mV(0-a) = LqO, + Lg6 
Ij6 = + Mg8 + Mq9 + 

and the displacement equation is 

% = V sin r ~Vr 

These and the lateral equations of motion are equivalent if the missile 
is roll stabilized, changes in forward speed are negligible, and the 
quantities are measured from trim condition. 

The following aerodynamic transfer factions used in this study are 
derived in the usual manner from the above equations: 

_ 0 _ (l-^^mP) 

® “ 5 “ Ws^p(l+2CaTaP^^aV) 


= 5m ^ Y(l+2^bTbP+Tb%^) 

e p(l+Tjnp) 


a Kg( l4TrP ) 

5 " (l+2CaTaP-«^a^P^) 


where 

T 2 1^2- 


^ LgMg+mTMg ~ mYMg 
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T = 


mVMg 


loMg-LeMa, 

o — := inl^ 

U ^ _Z s: -giMa 

® LoMg-LgMo, LaM5-lQ^^ 


K„ = 


LsMe+mVMg ^ Mb 


■S -ioMe-mVMc, Ma 


= 


^■h - 




2 

-(Me+Mi) 


2 / - — (Laft6“^5Ma) 
LS 

The transfer functions of the guidance and. stabilization system 
as shown In figure 2 are 


Eadar, amplifier Yl = — 

and. error-lead (I+T5P) 

network 


Pitch-angle Yp = ^P^-^^gP) 
feedback (l■^P3P) 


Servo Yg = 


Ei(l+Tip) 


Aerodynamic Design 


The aerodynamic performance req.uireinents specified In common for 
each missile are 

(a) lOg steady normal acceleration at a Mach number of 2.7 s- 

pressure altitude of 5^,000 feet 

(b ) An angle of attack of .the critical surface of approximately 

20° for condition (a) 

(This angle Is (a + 5) for the variable-incidence and 

ss 

canard missiles and cc-gg for the conventional tall— aft- 
control missile. ) 

(c) A missile natural frequency of approximately 2 cycles per 

second for condition (a) 

(This value, along with Ij, uniquely determines the stabil- 
ity derivative Ma^ since the damping is low and may be 
neglected. ) 
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These req.ulrements are considered typical of a supersonic, ai2>-to-air, 
■beam-rider, guided missile and arise in part from a consideration of 
the maximum maneuver (missile capture of the "beam at the end of the 
boost phase of fli^t at the highest altitude), and the avoidance of 
excessive nonlinearity in the lift of the critical surface. 

Three widely different values of lift ratio were selected to cover 
the three types of missiles. Along with a fifth design req.ulrement, 
shown in the following table, the lift-ratio values are 


Lift 

ratio 

Missile 

Zf+Zr 

^b 

0.50 

Variable Incidence 

O.ij -5 

.10 

Canard 

.66 

1 

ro 

Conventional tail aft control 



Assuming identical bodies, moments of inertia, weights, and wing 
plan forms, along with the five design req.uirements previously noted, 
the geometry of the variable— incidence and canard missiles and their 
stability derivatives may be determined in a manner similar to the 
method reported in reference 4 . The appears to be of the 

correct order of magnitude for these two configurations. Results not 
presented herein showed that reasonable variations of (°'/^)-ti.iia 

not significantly change the conclusions of the report. For the negative 
lift ratio, the stability derivative is unlq.uely determined by a 

selection of the tall length Z^. if the body geometric characteristics 
are assumed. An iterative process is then applied to determine the size 
of surfaces and the remaining stability derivatives. A summary of these 
assumed and computed characteristics 1 s tabulated in table I. 


Stabilization System 


All beam-rider guidance systems, which utilize only an error 
detector and a servo to control the missile, are inherently unstable. 

Many methods of stabilization are possible and in this instance an error- 
lead network and a pitch-angle feedback circuit, which utilizes a lead 
network and ideal rate characteristics, were used. A block diagram of 
this system is shown in figure 2 . The gearings and the error-lead 
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network design were initially tased on an assumed linear system and the 
req.uirement that the steady displacement lag of the missile due to a 
"beam accelerating at the design acceleration must not exceed the lethal 
radius of the warhead. The determination of the time constants for the 
pitch-angle feedback circuit was based on a compromise between the 
missile noirmal— displacement and control-deflection responses. However, 
preliminary studies Indicated excessive normal accelerations and control 
deflections for a step displacement of the beam. A number of methods 
were available for reducing these values to reasonable magnitudes and 
the use of control— surface deflection limiters was selected because of 
certain advantages. The Inclusion of these limiters separates the conr- 
trol of the missile by the stabilization system into two phases: a 
nonlinear portion during which the limiters are in operation and, as is 
shewn later, controlled primarily by the lead— network time constants; 
and a linear phase. Two methods of control-surface limiting were used 
and are discussed later in the report. An addltioml limiter represent- 
ing the radar saturation is also shown in figure 2. 


COMPABISOir CRITEEIA 


For a con^arlson of the performance of the three missiles with each 
type of control system, a 100-foot step displacement of the beam was 
chosen as it appeared to require a maneuver which is likely to be encoun- 
tered during beam capture after boost or during fli^t. The criterion 
for comparing the responses of the three systems under consideration will 
be miss time, defined as the tims during which the missile is beyond the 
assumed lethal radius. Miss tine is directly related to the effectiveness 
in obtaining a hit if it is assumed that the target will not be passed 
before the missile has arrived within a lethal radius distance from the 
beam center. The performance of missiles, as Indicated by the miss times, 
can also be compared in terms of other closely related criteria, such as: 
first, the miss range, that is, the range necessary to arrive within the 
lethal radius; or second, the distance that a missile is beyond the lethal 
radius when the missile with the best response is just at the lethal 
radiiis. Differences in miss ranges mean that in the case of beam capture 
the minimum launching ranges will differ, or, in the case of a disturbance 
dtirlng flight, the ineffective portions of the fli^t will vary. 

It has been indicated prevloTisly that the missiles will be compared 
on the basis, of two types of control-system limiting. The first method, 
in which the control— surface deflection is limited to produce the design 
steady acceleration, is a simple and practical means of reducing the 
magnitude of the normal acceleration associated with a step displacement 
of the beam. The second method, in which the angle of attack of the 
critical surface is limited, provides a comparison based on conditions 
which allow the mw.TlTiTn-m performance of each missile to be approached. 
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ANALYSIS, EESULTS AND DISCUSSION 
Limited Control-Surface Deflection 


Analytical study .— Analytical methods for determining the optimum 
reej^onae of a complex system appear to he impractical. Considerable 
simplification in the problem results, however, by introducing an assumed 
optimum control system which will cause the missile to reach the beam in 
the smallest miss time without regard for satisfying certain practical 
considerations, such as peak normal acceleration and peak critical- 
surface angle of attack. It la apparent that this can be accomplished 
by accelerating toward the beam with maximum capabilities for a certain 
time, then decelerating with maximum capabilities, followed by zero 
acceleration in order to, remain on the beam. For this purpose, with the 
control— surface deflection limited as previously described, the optimum 
control system requires the surface deflection to be in the form of a 
square wave. The first and second intearvals of this wave must be chosen 
to have the proper duration to minimize the miss time and hence define 
the optimum path. 

It is possible to study the square-^ave response, and therefore the 
optimum path, by studying only the step response since one cycle of a _ 
square wave can be decomposed into three steps as Illustrated in figure 3» 
Althou^ the exact expression for the step responses are complicated, it 
is shown later (p. 11 and appendix A) that the responses for all three 
missiles can be suitably simplified to __ _ 


Zm 555 


t^ 

2 


where n is the steady acceleration factor norres ponding to the step 
surface deflection. This result shows clearly that with the optimum 
control system the displacement response is limited by the aerodynamic 
design and that the three missiles should produce closely the same step 
responses since they are all designed to the same steady acceleration. 

It is of interest to examine the nature of the optimum path in 
reaching the beam. Each step of the siirface deflection in figure 3 pro- 
duces its corresponding response, the resultant missile position being 
the sum of the three step responses. It is necessary that the two 
Intervals of surface deflection be equal (or each a half period) and of 
a duration which will produce an optimum path by causing the overshoot 
above the beam center to equal the lethal radius as demonstrated in 
appendix B. The resultant miss time for the optimum system then becomes 
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wMch., wlien applied to the conditions of this oomparisonj gives 

tju^ = 0.763 second for all three missiles. Ihis value -which is "based on 

the approximate missile response eq.uatlon (AlO), ~ ^ t^, "was found 

to "be within 1 percent of the correct value from eq,uatlon (Ah) and hence 
justifies -fche use of the approximate eq.uatlon. It can "be reasoned that 
if the missile effective displacement freq.uenoy (eq.ua! to the reciprocal 
of twice the time for the missile to overshoot the "beam "by the lethal 
radius or eq.ual to four times the half period) is much leas than the 
missile natural freq.uenoyj sufficient time is available for the develop- 
ment of body angle of attack^ and therefore differences in lift ratio 
are not important. For the conditions in this study, the effective dis- 
placement freq.uency is 0.hl6 cycles per second as compared to a 2.05 ops 
missile natural freq.uency. Since the pitching motion is osclUatoiy, 
however, the peaks of normal acceleration and critical-surface angle of 
attack req.ulre examination. The complete deri-rations of these q.uantitiee 
will be found in appendixes C and D, where it is shown that peak values 
occur in both the first and second half periods of the control-surface 
sq.uare-^wave motion. The peak values as computed from -these eq.uatlons are 
given for each missile in the following table: 



Lift 

ratio 

Missile 

Peak normal 
acceleration 

/ zm \ 
V32.2 ' 

Peak critical— 
STirface angle 
of attack 
(deg) 

Miss 

time 

(sec) 

Half period 

Half period 

1 

2 

1 

2 

0.50 

"Variable 

incidence 

Ik. 2 

-18.3 

25.5 

-30. k 

0.763 

.10 

Canard 

17.2 

-2k. 1 

29.1 

-37.3 

.763 

-.2k 

Conventional 
tail aft control 

20.9 

-32.0 

38. k 

-57.0 

.763 
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From the preceding table a comparison of the three missiles during the 
same half period indicates that the lower lift ratios produce hi^er 
peak values. It appears that these peaks may he excessive in relation 
to the design steady-state values for the canard missile and certainly 
so for the conventional tall-aft— control configuration. If the 
variable— incidence missile had been designed for a steady critical- 
surface angle of attack which would just produce the inn.Yl mtiTn permissible 
peak angle, the transient peak angles for the other missiles would be 
unsatisfactory. For a practical missile, a reduction of these peaks to 
satisfactory values could be accomplished by prescribing the surface 
deflection to be other than the perfect sq.uare wave as has been assumed. 
This means that since the lower lift-ratio missiles have larger peak 
values, a greater sacrifice must be 3iiade in the displacement response 
of the lower lift— ratio mlseiles by causing the surface deflection to 
depart farther from a sq.uare wave. It is apparent, then, that althou^ 
all three missiles have the same optimum displacement performance, con- 
sideration of the other significant factors noted above indicates that 
the performance of the variable— incidence missile is best, followed in 
order by the canard and conventional tail— aft— control missile. 

HEAC solution .- In addition to the analytical study, an Investiga— 
gatlon was made on the Ames Reeves Electronic Analogue Computer (REAC) 
to find the magnitude of the deterioration in displacement response of 
the canard and conventional tail-aft-control configurations when the 
peak values of critical-surface angle of attack and acceleration were 
reduced to values approximating those of the variable— incidence missile. 
Talues of the control— system parameters were varied in an exploratory 
manner so as to obtain an optimum pa-Hi by making the first overshoot 
eq.ual to the lethal radius. The two time constants in the error— lead 
network are the most effective in causing an optimum path, as shown in 
appendix E; thus, simplification of this procedure was permitted. The 
results for the three missiles are shown in figure 4. It should be 
noted that since the control deflection of the variable— incidence missile 
as given in figure 4(a) closely approaches the optimum sq.uare wave, the 
missile performance agrees well with the calculated values of the optimum 
system. A comparison of the results of figures 4(a) and 4(b) indicates 
that the displacement performance of the canard mlsBlle is somewhat 
poorer than that of the variable— incidence missile ( 0.023 second greater 
miss time), while the response of the conventional tail— aft-control 
missile in figure 4(c) shows a further increase in miss time ( 0 . 05 I second 
greater than for the canard). Although it was found infeasible to make 
all peak values of critical— surface angle of attack and normal accelera- 
tion identical, additional data which are not presented indicated that 
the effect of these differences on the miss time would not significantly 
change the results. Therefore, as was indicated by the analytical study, 
it appears that for the type of control system assumed, the best perform- 
ance is associated with the highest positive lift ratios. It is evident 
also that this is due to the necessary sacrifice in the normal-displacement 
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responae caused ty an Increasing departure from the optljinini square wave of control deflec- 
tion In order to reduce the hi^ peal; critical angle of attach and acceleration asBooiated 
with the lower lift ratios. Ohus, the differences in displacement response are due basically 
to differences in missile characteristics and not In oontrol-aystem characteristics. The 
Important values relative to the motion of the three missiles as presented in figure 4 are 
summarized In the following table: 


Lift 

ratio 

Missile 

Peak normal 
acceleration 

(i-) 

Peak critical- 
surface angle 
of attack 
(<leg) 

Miss 

time 

(sec) 

Distance 
greater than 
lethal radius 
at time 0.797 
second 

Approx- 
imate 
increased 
miss range 


Half period 

Half period 

(ft) 

(ft) 



1 

2 

1 

2 


0.50 

Variable 

incidence 

l 4.1 

-17.4 

25.3 

- 29*6 

0.797 

0 

0 

.10 

Canard 

17.0 

— 

-17.2 

29.1 

-29.7 

.820 

3 

60 

-. 24 - 

Conventional 
tall eift control 

15.5 

-12.1 

27.0 

- 21.5 

.871 

10 

195 



The above conclusions aino agree with those obtained from the deadbeat responses as can be 
seen from a comparison of the results of figure 5 « 
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Limited Angle of Attack of tlie Critical Surface 


Analytical study .— in an effort to ottain a response superior to 
that for the system in which the control-surface deflection is limited, 
it appeared that a control system which operated with a limited angle 
of attack of the critical surface would give tetter results. This 
ohjectlve is attained by deflecting the surface initially to this angle 
and thus additional gains can be realized from lift due to the increased 
control deflection and increased angular acceleration which develops 
lift due to angle of attack. The eq.uations for the nornal-di a placement 
response to a step in the angle of attack of the critical surface are 
developed in appendix P in a manner similar to the procedure outlined 
previously. Here it is demonstrated that again the normal-displacement 
response is ad6q.uately represented by the formula 



where n is the steady normal-acceleration factor coinresponding to a 
step steady critical angle of attack. Two significant conclusions may 
be drawn from this expression: first, since the peak permissible 

critical angle of attack is greater than the design steady-state value, 
a step in the critical-surface angle of attack with a magnitude eq.ua! 
to the peak permissible value will produce a greater steady acceleration 
with a resultant superior noimial-dlsplacement performance; and second, 
all three missiles will have the same normal— displacement performance 
if the optimum square wave in the critical angle of attack is followed. 
For the variable— incidence and canard missiles, the development of a 
square wave in the angle of attack of the critical surface (a + B) 
is theoretically obtainable. However, this is not possible for the 
conventional tail-aft— control missile due to the additional time lag 
necessary for the body and main lifting surface to turn to the angle of 
attack a of the critical surface. The conclusion, then, is that 
ideally the performance of the variable-incidence and canard missiles 
will be equal, with the conventional tail-aftr-control missile being 
somewhat Inferior. 

BEAC solution.- A square wave of critical angle of attack may be 
closely approached throu^ the use of appropriate circuits. However, 
it <^»ri be obtained simply by means of an (a + S) limiter as Illustrated 
in figure 2(b). The analogous block diagram for this system as used on 
the EEAC is also given on figure 2(b). It should be noted in this figure 
that B is identical to S if the limiting (a + B) is not reached. A 
factor which reduces the practicability of this sytem somewhat is the 
difficulty of obtaining accurate angle-of-attack measurements. 
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As mentioned prerioiislyj it is not possible to obtain a sq.uare wave 
in. the critical angle of attack for the conventional tail-aft— control 
missile. A close approach to this condition is obtainable as can be seen 
in figure 6 for this inlsslle. Although the peak positive and negative 
angles of attack are not identical, it was believed that with further 
exploration on the EEAC an angle of 22° for both peaks could be obtained 
without a significant increase in miss time. For convenience, then, the 
limit of 22° was selected for the critical angle of attack of the other 
two missiles. The EEAC results for the variable— incidence and canard 
missiles are shown in figures 6(a) and (b). It is apparent that the data 
from the EEAC closely approaches the results indicated by the analytical 
study. These results are summarized in the following table: 


Lift 

ratio 

Missile 

Miss 

time 

(sec) 

Distance 
greater than 
lethal radius 

at t = 0.770 

second 

(ft) 

Approx— 

mate 

increased 
miss range 

(ft) 

0.50 

Variable 

Incidence 

0.7T0 

0 

0 

.10 

Canard 

.789 

2 

50 

-.24 

Conventional 
tall aft control 

.878 

17 

285 


A comparison of the above data with that for the control system in 
which the surface deflection is limited confirms the superiority in 
performance of the system with limited critical— surface angle of attack. 
The reason the difference is not more marked is that the critical angle— 
of— attack limit was not set at the peak permissible value. 

It should be noted that for this type of limiter the control-surface 
deflections of the variable— incidence missile exceed the Interference 
limit of about 15° between the pitch and yaw controls. The effects of 
this Interference limit are discussed in the next section. 
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ADDITIONAL DESIGN EACTOES 


As is well known, the design of a missile is eitremely complloatedj 
in fact, it is difficult to give a definition of an optimum missile. 
Certain designers interpret the optimum missile to he one which ineets 
the design conditions for the least cost. The factors which determine 
the over-all cost are many, hut certainly the size of the components, 
the total exposed wing surface, storage, and ease of assembly considera^ 
tions, etc., are important factors, a few of which are discussed in the 
following sections. 


Seinro Energy 


It is possible to approximate the relative servo energy consumed in 
flight for the three missiles under consideration. A conventional 
hydraulic system employing a linear piston actuator with an accumulator 
is typical of servo systems used in air-to-air supersonic missiles 
(reference 5 )« For this type of system, the servo energy consumed is 
eq.ua! to the change in the product of the pressure and volume of oil in 
the accumulator and is approximately eq.ual to the average pressiire times 
the product of the gearing between the control deflection and servo- 
piston movement, the servo— piston area, and the sum of the absolute move- 
ments of the control surface .between points at which b changes sign. 

The combination of the pressure, servo— piston size, and gearing is 
designed to meet the expected maximum hinge moment. If the same static 
margin of the control surface is ixsed for each of the three missiles and 
it is assumed that the hinge-moment coefficient due to 6 is eq.ual to 
that due to a, the maximum hinge moment is directly proportional to the 
product of the exposed s-urface area S, its mean aerodynamic chord o', 
and the design maximum angle of attack. By use of the actual maximum 
angle of attack of the control surface as given in the applicable time, 
histories to represent the design maximum angle of attack, the relative 
consumption of servo energy is given by the ratio of this q.uantlty times 
SbLlB! for any two of the missiles. The results for each missile based 
on the deadbeat response of the canard are given in the following table: 
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Relative servo energy 

Lift 

ratio 

x.Type response 
limiter 

Mlsslle\.^^^ 

Optimumj 

surface 

control 

deflection 

Optimumj 
surface adgle 
of attack 

Deadbeat; 

surface 

control 

deflection 

0.50 

Yarlable 

Incidence 

7.7 

12.3 

1 — 1 

VO 

.10 

Canard 

1.2 

2.2 

1.0 

CVJ 

• 

1 

Conventional 
tall aft control 

2.2 

2.2 

2.1 


These ratios indicate that the variahle— incidence missile req.uires a 
relatlTely large servo— energy storage capacity in relation to the other 
two conf igtirations . 


Surface— Deflection Interference 


Another unfavorable factor associated with the variable— Incidence 
configuration is the possible Interference between the pitch and yaw 
control surfaces. For the control system using a surface deflection 
limiter^ the Interference limit for all three missiles was not exceedeij 
although this limit and the control— deflection limit are approximately 
eq,ual for the variable— incidence configuration. Thus, for the higher 
ratios at the same design acceleration or for the same lift ratio at 
higher design accelerations, the variable— incidence missile becomes 
Increasingly inefficient using the same plan form since the design surface 
angle of attack must be reduced and larger surface areas are necessary. 

For the control system using a critical— surface angle— of— attack 
limiter, the Interference limit of the control surfaces was exceedel by 
only the variable— incidence missile. From a consideration of this lim- 
itation, it is concluded that the noimal-dls placement performance of the 
variable— incidence missile may be somewhat poorer than that of tlie canarl 
in this Instance. 
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Size of Surfaces 


A comparison of the total exposed siirface areas Indicates that the 
conTentlonal tall-aft— control missile has the smallest area, vhlle those 
for the other two configurations are nearly eq.ual. It appears, then, 
that the range perforinance of this missile will he superior to the others 
at low lift coefficients. At higher lift coefficients, the relative 
rai:ge performance Is uncertain without an investigation of the lift-drag 
ratios of the three missiles. 


COWCLUDIMl ElMAEKS 


A study has heen made of the response characteristics to the max- 
imum maneuver at the design condition of a variable— incidence, a canard, 
and a conventional tall-af t— control missile, which are indicative, respec- 
tively, of a high positive, A low positive, and a negative lift ratio. 
Since other design req.uirements for the three missiles have been assumed 
identical Insofar as possible, the conclusions presented represent pri- 
marily the effects of changes in lift ratio. 

For the control deflection limited to that value which will give 
the design steady acceleration, the optimum normal-displacement response 
Is the same for all configurations. It can be reasoned that this is due 
to the missile effective displacement frec|.uency being much lees than the 
missile natural freq.uency, thus allowing sufficient time for the devel- 
opment of lift due to angle of attack; and, therefore, differences in 
lift ratio are not Important. However, the angle of attack of the crit- 
ical surface and the normal acceleration show Increasing peak values with 
decreasing lift ratio due to pitching oscillations. A reduction in these 
peaks to satisfactory values can be made by an increasing sacrifice in 
the normal-displacement performance with decreasing lift ratio. 

For the missiles compared on the basis of the same limited angle of 
attack of the critical surface, the theoretical optimum normal- 
displacement perTormance is again ■unchanged by the configuration. Since 
missiles with negative lift ratios cannot approach the theoretical opti- 
mum sq.'uare wave of the critical angle of attack, the displacement per- 
formances of the variable— incidence and canard configurations, which are 
nearly eq.ual, are superior to that of the conventional tall-aft— control 
missile as long as the interference limit between the pitch and yaw 
control surfaces is not reached. 

Certain aspects, such as the servo energy storage req.ulred and the 
control interference limitations, favor the lower lift ratios. In an 
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over-all evaluation, these and other Important factors as, for example, 
the ease of assemhly, storage prohlems, effects of noise, etc., must he 
considered and may outweigh the* small decrease In normal-displacement 
response time associated with the hi^er positive lift ratios. 

Q?he normal-displacement performances of all missiles discussed herein 
are primarily restricted hy the aerodynamic rather than the guidance— 
and stahilization-eystem characteristics. In many Instances involving 
missile control— system comhlnatlons it appears possihle that preliminary 
studies may he simplified hy eliminating details of the control system 
from consideration and hy assuming that the missile is controlled hy the 
desired surface deflection, since it is prohahle that a control system can 
he devised to produce reasonahle desired deflections. 

Ames Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 

Moffett Field, Calif. 
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APPEHDIX A 

MISSHE EESPOITSE TO A SUP SIKFACE nEFIECTION 


The missile transfer fimction relating surface deflection to missile 
vertical position can he shown to he 





TbV +'2CbTbP + 1 
TsV(TaV + 2^aTaP + l) 


(Al) 


The response for a step surface deflection of magnitude is then 

SL(Tb^P^ + sCh^P + 1) 

^ " TsV(TaV + 2^a,TaP +1) 


SL(TbV -I- 2th!Pbp + 1) 

Tg2T/p®[p - - (-<^a-i^a)] 


(A2) 


where 


0*0 ~ 


T. 


■a 


X-a “ 


Jl 




Tc 


In terms of a partial-fraction expansion, 
®-0 . . ®'2 . 


(A3) 


M (p) p p2 p3 p - (-ffa+i^a) p - (-cfa-iX-a) 

where iig is the complex conj'ugate of a^. The residues can he found as 
follows : 

^ IMm +Ua^Ta=) 

o 2 p> o L dp^ J Tg^ -- 


ai - 




p»o \ 


dp 


J Tg‘ 


=a-^a^ 


as = _ . „ [p®Zm(p)] = 


Lim 
P-sk 0 


s 



NACA A5IFI8 


21 


“ ^"^a+i^a)3 Zm(p)| 

= (^a^~^a^~^gaCTb+gb^+>-l)^) + l(2cTb\a-gcraXa) 

2 Tg=Ta^ aa"- 3 ffa^a^) + i( 3 craXa°-^a='>^a) 

where (T'Jj and 
that is. 

Oh 


are defined in the same manner as for a^, and X, 

cL Q,^ 


|b 

Tb 


and 


X-h ~ 


- ^h^ 

Tb 


For all missiles under Investigation Xa»(Ja^ Xb^— ?^a^ » o'a^+cfb^-So’aCJ'bj 
and Xb^-Xa^ »6<Ta(crb— aa) so that a 3 reduces to 


&LTb ^ ~ ^ 3<^e(^' ^a( o‘a~Qh ) J 


2Tg2 (Xg,2 + 9a^z) 

The time-histoiy response can then be written as 
% (-t) = ao + ait + — t^ + + i;3e^"^a-iXa)t 

2 “Cat 


8*2 2 / 2 2 f “^1 \ 

= ag + ait + + 2 vat 3 R +agj e cos I X„t+tan — J 

\ agjj / 


0,^2 2 / \ 
= B.Q + ait + + a^^e ^ cos (Xat+e) 


—Clot. 


(Ai^) 


where Sgj^ and aai refer to the real and imaginary part of a^. The 
correct phase angle must reduce Zm to zero at time zero which means it 
must satisfy the equation + a^ cos e = 0. 

The values of the coefficients in equation (a 4 ), using parameters 
given in table II, are presented as follows: 
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Parameter 

Variable 

incidence 

Canard 

Tail aft control 

®o 

-0.94 

-1.70 

-2.37 

ai 

-1.90 

-3.30 

-2.43 

&z 

322 

322 

322 


.467 

.849 

1.18 


-.094 

-.188 

-.143 

^4 

.95 

1.74 

2.38 

€ 

-11.4° 

-12.5° 

-6.9° 


Hence the missile equations are: 

i^idenL " -0.9^^! - 1.90t + l6lt2 + 0.95e”°* ®®^'^cos (739t-U.lf) 

Canard Zn(t) = -I.70 - 3*30t + l 6 lt® + 1.74e"°* ®^’^’’^oos (739t-12.5) 

SSror = -2.37 “ 2.h3t + l 6 lte + 2 . 38 e-°* ( 7391 -^. 9 ) 


(A5) 

It appears that for values of t greater than about l/2 second, 
the above equations can be adequately approximated by the t^ term in 
eq\xation (a 4) as 


7 (A6) 

The design ratio S^/^s^ simplified further in terms of the steady 

acceleration factor from the following sin^ilified lift and moment equa- 
tions at trim conditions : 


^ss = + lu^ss 

+ MaCXss = 0 

The steady angle of attack Ogs corresponding to a surface deflection 
Sl is, from the moment equation. 
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M 6 . 

ass = - jg 81, 


whlcli substituted in the lift equation and solved for the value of 
gives 


Sl 


I>ss 


Ls- 


Ma 


Letting the steady lift be ngm, &l reduces to 


■ Hi 

The missile response then becomes 


(AT) 

&L 

(A 8 ) 

(A9) 

(AlO) 
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APPENDIX B 

MISSILE BESPONSE FCE AN OPTIMDM 
STABILIZATION SYSTEM 


The general discussion given in the section on limited control 
deflection and the information in figure 3 are applicable to the follow- 
ing study. Por the first interval during which the deflection is 
positive 


Zm 


/w 

/w 


2 


(Bl) 


During the second interval the deflection is negative, the missile 
response is composed of two t^ functions displaced in time, one posi- 
tive starting at time zero and the other negative of twice the magnitude 
beginning at the start of the second interval or at the switch time tsx 


Zm a 



^(t-tgx)^ 


« ng 


— 2ttsi — tsx' 


A maximum of this eq,uation occurs when 


dZM 
dt ~ 


ng 


— t + 2tsx 


= 0 


(B 2 ) 


or when t Z 2 tsx* During the third interval in which the surface 
deflection is zero, the response is composed of the two t® functions 
discussed for the second interval in addition to a positive t^ func- 
tion beginning at the start of the third interval or at the switch time 
ts 2 ' 


Zm 




Z ng 


(2tsi-ts2)t + 



(B3) 


To reach bthS remain on the beam at a constant value of Zm it is easy 
to show that for 


dZM 

~dt 


»s ng (2fcsi-*ss) = 0 


it is necessary that tga Z Stgx which means that the first and second 
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intervals of tbs surface deflection are equal or each interval is a half 
period. It is necessary, in addition, to determine the required dura- 
tion of the half periods so as to minimize the miss time. A qualitative 
ezam1 nation of this problem indicates that for the optimum displacement 
response the overshoot above the beam center should eqml the lethal 
radius. This conclusion has been mathematically verified. Equation (B 2 ) 
evaluated at t « 2fcgi expresses the missile position at the peak and 
for an optimum response this position must be Zg + r, giving 


(zm) 


max 


= Zb + r 


t2 

% ng( - 


+ 2tsit — tsi 


)t=2ts; 


A solution for tgi then yields 


/ zb + 

V 


ng 

For the conditions assumed, tgi equals O.6O second. 


(Bk) 


The magnitude of miss time for the optimum path can also be found 
from equation (B 2 ) as the value of t which will bring the missile 
position to Zb — r. 

Zm = Zb - r as ng 

from which 


^ + &fcsitm - tsi^^ 


t 


m 




(B 5 ) 


Physical reasoning shows the minus sign to be correct. For the assumed' 
conditions, tm equals O.763 second. 
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APPENDIX C 

MISSILE ACCELERATION FOR AN OPTIMDM 
STABILIZATION SYSTEM 


The acceleration of the laiesile vhen subjected to a square vave of 
surface deflection can be found from the response to a step, as has been 
described in detail for the determination of missile position. The 
transfer function relating surface deflection to normal acceleration is 


^ = (Tby+ 2^b^P+l) 

5 ^ Tg2(T 2p2+2t T.p+1) 


(Cl) 


For a step surface deflection of magnitude the response becones 

(p) = 

Tg pCT^V+sC^TaP+l) 


= ) Cp^+gghP+( gb^+^b^ ) 3 

^s^( )P [ ( P+% ) ^+>^a®] 


vhere 


'^a " T 




h. 


^a = 




^b = 


(C2) 


_ 


Tb 


The time solution can be shown to be 


Z„ (t) = 




Ts^C^^b^+^b^) L 

y(ga^~^a^-ggaqb+gb^+ ?^b^)^ + >.a^(2crb-2ga)^ 

^a'V^ <^a^tXg,^ 


e**^®'^ sin ( X>at i+p i ) 

(C3) 


where 


+1 = tan“^ 


~^a( ^a-gb ) 


^b^-^a^+cTa^+cTb^-ecracrb 


Pi = tan 


Ca 


Cj3®ai®NTIAIift.- 
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This equation represents, of course, the acceleration throughout the 
first ha1 f period. It will he desirable to express the acceleration 
in the following form where, for purposes of satisfying the initial con- 
ditions, the sign of the second term has been changed to allow the use 
of the smallest of the multiple values for 't''i and px 

(t) = bo - bie”^a'*'sin (Xa't+’^i+Pi) 

■L. ^ 

^ _ Sl </ o‘a^'*~^a^y (ga^^a^~2Ja0b'^Pb^'*'^b^)^ t laS(2(Tb— 2ffa)^ 

Tg^ Xa(ob^+>^b^) 

Considerable simplification results from a consideration of relative 
magnitudes of the para.meters . For all the missiles under discussion in 
this report, it is possible to show that Xa^^^’^a^^ Xt^— Xa^^ 
°’a^'^b^2°’a°’b-> ^sing primed values for 

approximate unprlmed parameters, the solution is then 

Zm (t) bo - bi e~®a'^sin (Xat+’i^x^+Pi) (C5) 


where 


^ f _ Sx,Tb^ ( Xb^Xa^ ) 

^ “ Tg2 


Vi 


= tan 


_x “2X,a( (^a""Pb ) 


Xb^-Xa^ 


For the second half period, the acceleration is expressible as 
ZnCt) = bo-^Die-^a-tgin (Xg^t-fVi+Pi)-2-^o-bie-^a(t^si)sin[Xa(t-tai)+Vx+Pi ]| 
= -bo-bie“^at[sin (\attVi+px)-2e'^atBisi3i (?oat+Vi+pi-\atsi) ] 


= -bo-^ie~^aVT] 2 - 4 fl 2 sin (Xat+Vx+Pi+Ps) (C6) 

where 

T) = 1 — 2e'^®'^®^cos Xatgi ^ = 2e'^®'^®^sin Xg^tgi Pa = tan“^ 


Simplification then gives 


CS| fr 
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z’m (t) « (\at+^i’+Pi+p2) (C7) 

The peak value in each of the two half periods is of primary 
interest. In the first half period, it can be found by determining the 
value of time txi at which thP peak occurs. The equation 

= -bi [ X,g^e“^®-^cos (Tk-at+ti+pi) .qg^e'^^^sin (Xgt+ti+pi)] = 0 

can be satisfied only if 

Xgt + ti = 
or 


The value of n must be chosen so that txi is approzimately half way 
between zero and tsi- 

Then evaluating equation (C4) at txi . gives 

- bie-«atzisin (^+tan 

= bo - bie~^®'^^^sin/^ mt+sin“’- ■ ■ — 

= bo - ^a (eg) 

<y \a^+Pa^ 

which, according to the previoxis approximations, is 

^^M^max ^0 “ (-l)°bi’e"^a'txi 

numerical calculations show that for the first interval n = 1 giving 


nrf , n = O, .1, 2, . . . 


txr ^ - 


(08) 


(Z)„^ » bo + (CIO) 

The second half period can be treated in a similar manner utilizing 
equation (C6). The value of time txa in jthis second half period can be 
found from 


7QIJFiTfi)'F-^Tiyt 
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Ti2+fl2 [ XQ^e”^a'^cos (Xa't+’S^i+Pi+Pa) - o-ae~^atsin (A-at+^i+pi+pa)] = 0 
vhich requires that 


tx2 = 


mt — - pg 


Hence the peak value is 
(2 m)^ > ^30 - 


yT)2+fl2 sin^mt+tan 

= -t)o “ sin (^rut+sin~^ ■ ■■ 

\ V ^a^'Wa^ y 




y 2 2 

V Xa "^a 


Again using previously discussed approximations, 


-to - (-l)“tx‘^^^^ e“^atx2 
For this interval calculations show that n = 'it-; thus, 

(Zm)h^% -ho - hiVTi2+fi!2 e^atx2 


(Cll) 


(C 12 ) 


(CI3) 


numerical substitution of missile parameters then gives the follow- 
ing values : 


Parameter 

"Variahle 

incidence 

Canard 

Tall aft 
control 

ho, fps2 

322 

322 

322 

hi’, fps^ 

159 

290 

4oo 

sec 

.247 

.244 

.244 

tx2, sec 

CVI 

CO 

• 

.865 

.855 

n 

.606 

.550 

.638 

a 

2.99 

3.42 

2.76 

Pi^ deg 

86.9 

85.9 

87.6 

P2^ deg 

78.6 

80.9 

77.0 

■'('^1*, deg 

-2.7 

-.3 

.4 
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ITlis preceding -values then give the following results for the time 
history and maximum values: 



Kormal acceleration, 2ji/g 


Time history 

Maximum 

value 

Half period 1 



Yarlable 

incidence 

10 - sin (739t+81i-.2) 

14.17 

Canard 

10 - 9.00e”°*®^'^ sin (?39t+85.6) 

17.21 

Tail aft 
control 

10 - 12.42e”°*®^’^ sin (739t+88.0) 

20.90 

Half period 2 



Variable 

incidence 

-10 - 15.05e“°*®®^^ sin (739t+l62.8) 

-18.27 

Canard 

-10 - 31.20e"°*®^‘^ sin (739t+l66.5) 

-24.10 

Tail aft 
control 

-10 - 35.306”°*®*'^ sin (739t+l65.0) 

-32.00 


It is of i33terest to notice that the phase an gles at the beginning 
of each half period are nearly «/2 so that the time-variant portion of 
the time histories approximates a damped cosine function as shown below: 



Half period / Half period 2 


t 
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APTEKDIX D 

MISSHE CRITICAL AHGIE OF ATTACK FOR 
AB OPTB®M STABILESATIOrr SYSTEM 


The determination of the critical angle of attack follows very 
closely the derivation of the acceleration given in appendix C. Ilie 
desired transfer function expressing the angle of attack is given as 


g / \ _ Eg (TrP+l) 

5 (TaV+2^aTaJ>+l) 


(Dl) 


In response to a step of surface deflection 8^ 


„ (p) . -■ 


^Tr5L(^p+^ 


p(Ta^^+2SaTaP+l) Ta^p[( P+ffa)^ + la^^ 
the solution of which is 


a M » ^ 

■*-a 




(D2) 


(D3) 


where 


<Pi = tan~^ _2:Si 

The first half period is represented by equation (L3) which can be 
written in the following form, again changing the sign of the second 
term as was explained for equation (C4) 

g (t) = Cq — cie“^s-tsin (Xg.t+'Pi+Px) 


Co = Kg8L 

- OaJ+ ^a^ / cTa^+A-a^ 


in which 
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As an approximation, it is possible to show that for all these missiles 
00 ^ and. ^a^^ ^a that c^l ^ Cq* Then 

a- (t) ts Gq - Coe“°'atBin (Xa’fc'*^i*+Pi) (^5) 


cpi' = tan ^ X-a^r 


Bor the second half period 

a (t) = Co — Cie'^a-'fcgin (Xa't+'Pi+Pi) ~ 

2 “I^Co — cie~^®'^^“^s^^sln [ X^(t— tsi)+9i+Pi]^ 

which simplifies to 

a (t) = -Co — cie’^a'*^'/ sin (X-a't+^i+Pi+Pa) (D<5) 

in the manner as shown for eq.uatlon (C6), The approximation ci JK Cq 
and <?i* S5 then gives 

a (t) w "^o "• Coe“^8 '^ a/ r\^+SF sin (X-a't+'Pi^+Pi+Ps) (^7) 


The peak values of equations (d 4) and (D 6 ) during the first and 
second half periods will be defined to occur at tyi and tys, respec- 
tively. The similarity of equation (D^i-) to equation (C4) gives a value 
of tyi by analogy with the corresponding equation for t^i 


tyl = 


nrt 

X-a 


(D8) 


Then, it can be shown that for n = 1 


Q «tna.x - Cq 


+ o.a-Patyl 


or 


*^^riax ^ ®o ®o® ^ 


(D9) 


(DIO) 


For the second half period the same analogy between equations (D 6 ) and 
(C 6 ) may be used to write directly 
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t 


72 - 


mt — <Pi — Pa 


Hence, for n = it 


c%az = -<5o - cie“°‘aV2y ri^+a^ -— == 


or, 

Ojua^ai -Cq - e“^aty2 


(Dll) 


(D12) 


(DI3) 


It might he noted that tyi and tya are defined differently from t^i 
and tya, respectively, although numerically they are equal because 
and ’l''i are nearly equal. 

EunBrical substitution of missile parameters then gives the follow- 
ing values, some of which have already been worked out in the develop- 
ment of the acceleration equations but are repeated here for convenience: 


Parameter 

Variable 

incidence 

Canard 

Tail aft 
control 

Co, deg 

5.9 

10.8 

20.5 

tyi, sec 

.2kj 

.2hh 

.2hk 

*fcy2^ S6C 

.872 

.865 

.855 

n 

.606 

.550 

.638 

fl 

2.99 

3A2 

2.76 

Pi, ieg 

86.9 

85.9 

87.6 

Pz, deg 

78.6 

80.9 

77.0 

' 'Pi j deg 

-2.7 

-.3 

.h 


The preceding values then give the following results for the time 
history and maximum values of the critical-surface angle of attack: 
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Critical— surface angle of attack 
(deg) 

Time history 

Maximum 

value 

Half period 1 

20.5 - 5.90“°*®®^ sin (739t+84.2) 
20.5 - 10.8e“°* 3^‘^sln (T39t+85.6) 
20.5 - 20.5e“°* ®'^'*sin (T39t+88.0) 

25.5 

29.1 

38.4 

Variable 

incidence 

Canard 

Tail aft 
control 

Half period 2 

-20.5 - I8.0e“°* ®®^sin (T39t+l62.8) 
-20.5 - 37.2e”°*®^'^sln (739t+l66.5) 
-20.5 - 58.3e”®*®^‘^sin (739t+l65.0) 

-30.4 

“37.3 

“57.0 

Variable 

Incidence 

Canard 

Tail aft 
control 


co]SEJ3aaf*j!W» 
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APIEUDIZ E 

OPOJIMIZATIOir OF A IRACTICAL SIABILIZATIOir SYSTEM 


A practical stabilization system approaches the optimum system by 
causing the half periods of surface deflection to approach the values 
produced by an ideal stabilization system as given by eqiiation (Bil) . 
Initially, the step Zb signal causes the surface to deflect to its 
limit. The surface will remain at this limit until the negative feedback 
signals from 0 and Zm cause Ep and Ep., shown in figure 2, to 
become large enough to overcome the initial surface deflection. Hence, 
it is necessary to determine the manner in which they vary with time. 


Lead-^Tetwork Limiter Signal E^ 


From figure 2, it can be seen that 


2Uj(p) = Tl(ZB-Zm) = TlZb - Ti^M (El) 

For a step displacement of the beam of magnitude Zb, Zb(p) = Zb/p and 
Zm(p) is given by eg.xxation (A3). Then by substitution and separation 
into partial fractions. 


Eusf(p) = 


V -n ^ i 

1 ~ E^ax 

' ^^4-^5 . 1 . -T5(T4-T5) ' 

■ + — y 

\P I+Tgpy 


L p p i+a^p 


Egas 


r -^5(T4 -Ts) T^-T 


p2 p3 


^5 (^4-^5) 
I+T5P 


where 

gi 


g2 




-gi+ihi 

-1-H%P 


gs+ihg 
+ '■ ■■ ■ 

p “ (— (Ta+iXa)- 


— Haas 


~gi-ihi 

-I+I5P 


^ ga^ihs 1 

p — (-cTa-ila)-l 


(T^-T4)(aa.TFr-l) ^ ^ (T5-T4)Ts\a 

(ffa^-l)^ + (ffa^-1)^ + 

(l-^gTjjl-asTs) + T4%Xa^ _ T4^a(l-^5C^a) ~ T5la(l-^4ga) 

(l-SaTs)^ + Tg^Xa^ (”l-!%aa)^ + Ts^Xa^ 


The solution for Epjy(t) can be reduced to 
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Et.'to’ = Ea [^o ■*■ ^1^ 2zb^ + Zge "^/^s + 2^e”^s^sln (^/a^^■^2)] (E2) 

in wMch 

= Zb — ag — ai(T^-fl^) + aa^Cli-Ts) 
lx = - [ai + aa( 14-^5) ] 



^3 = ^ [(ZB-ao)(T4-T5) + aiT5(T4-Ts) “ a 2 T 52 (T 4 -T 5 ) - 2(a,^j^gi-6gjlii) ] 

Z4 = 2 v^f?T7? 

“ s-sEga ” agj ha 

fa = agjga + ag^ ha 

€a = tan”^ ^ 
fa 

Eumerical evaluation shews that many of the above terms are negligible. 
Typical values of stabilization paraaneters of ka = 1 . 19 # T4 = 0 . 43 > and 
Tg = 0.09^ together with the parameters given in table II^ show that 

Eur as Kb E Zo* + + lat^ + X 3 *e “^/^5 + l 4 e”^a’fcBin (\at-ea) 1 (E 3 ) 

where 

^o “ ^ aaTg(T 4 — Tg) 

li* = -aa(T4-T5) 

^a' = ^ (T 4 -T 5 )(ZB~a 2 T 5 ^) 

A typical equation for the variable— incidence missile evaluated from 
equation (E3) gives 

Elit « 1.19 [ 109.8 - 109. 5t - l6lt® + 36Te“^^* 3.59e"^* ®®^‘‘^sin(T39b-68.2) ] 

(14) 

The signal Euj is then fed to a limiter (representing the saturation of 
the radar receiver and amplifier) set for a value of voltage corresponding 
to a 25-foot positional error. This means that the limiter output El 
is equal to 25ka for all values of time for which ELis^5h2 and that 
El = Eijt whenever ELi^25ka. Ebr example, for the variable— incidence 
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missile, linear operation obeying equation (l3) occurs for times greater 
than 0.48 second. 


Pitch-Angle Feedback Signal, E. 


The feedback signal Ep can be d.etermined. from the response to the 
limit surface d.eflection. From figure 2, it can be seen that 


^ (p) = T T = Ks( 1+Tmp ) ( 1+Tgp ) 

5 ^ © P YTs2(T^2p2+2^^Tap+l)(l-KD3p) 

For S(p) = 8 l/p, the response is 


V®) - 


VTs^Ta^g p (p^+2ffap+aa^+>-a^) 


the solution of idiich is 

Ep(t) = Epplo +Eie"^/^s + E2e(-^a+i^a)t + E2e(-^a-3Aa)t] 

= E^DRo +Rie"^/^s +E3e"^at (igt-Ss)] 


where 






- ^LTh^3T2 


YTs^Ta^s 


Ta 


‘O ^ rp rn ^ 2 


dx Af — Oaf — + — ) - x= 

TmT2 VTm IsJ ® 




El ft{ ^2 Tg T111T2 

E = dx + id2 
^ “ 2Xa(<i3+id4) 


dg = 2cTaA,a 

■‘•3 


Eg = 2j7^~T^‘ 


eg = taji~^ — 


^ _ dxdg + d2d4 

21a(dg^+ di" 

d2dg — dxdt 


d^ = 


21g(d3^-fd4^) 


(E5) 


(E6) 


(ET) 
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Numerical evaluation for all the missiles shows that to a good approxima- 
tion 

®p("^) ft* ^p i-Eo EsS'^^’^sin (e8) 

For. the variable— Incidence missile, using typical values of Is = O.OJ, 

I3 = 0.7^ and kg = 44.2, 

Ep »5.36 + 8.72e”'^‘®9^^slj;i (739t-46.7) (19) 


Switching Time, tgi 


It is now possible to find the half-period time of the surface 
deflection. As described in the text the determination is made by open- 
ing the loop between Tg and Tg, by applying a step deflection to the 
surface, and by calculating the return signal at the output of Tg. 

Using an ideal servo as an approximation, the surface deflection will be 

8(t) = ^[lL(t) -Ep(t)] (ElO) 

Examination of equation (ElO) shows that for small values of time 6(t) 
is larger than its limited value and hence must remain at this limit. 

At a later time, however, the Ej, signal decreases sufficiently to 
allow 5(t) to begin operation in the linear range . Switching to the 
opposite limit occurs in a relatively short time so that the approxima- 
tion to a square wave is good. The exact expressions for the feedback 
signals El and Ep ' are somewhat lengthy, which would make it difficult 
to solve for t from equation (ElO) . A good approximation can be made _ 
by using 

EL(t)K KsC^o* + 

Ep(t) 

Then equation (ElO) becomes 

^ (Ea^o* “ ^p^o) EgZx'jt ■+■ Eglgt^ 


(Ell) 


and the solution for the half period is 
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Evaluation for the variable— Incidence missile using Ki = 0.02 and the 
constants already presented shows that 


tsi « -0.3^ + 0.0031 <J 12,000 + 644(109.8 - 4.5 - 10.7) 

■fcsi Z 0*50 

which is close to the optimum value of 0.598. This means that the 
assumed constants would produce a nearly optimum system. 

If higher accuracy is desirable for valuos of tgi, an iterative 
process utilizing equations (S2), (I7), and (Ell) may be employed. The 
effect of the neglected terms is to add a small additional term in the 
second parenthesis of equation (Ell). For the variable— incidence missile, 
for example, the neglected terms amount to only 0.24. 

It is possible to determine the relative importance of the various 
parameters controlling the switching time. A comparison of equations (E3) 
and (E8) with eqmtion (Ell) reveals that the feedback signal is 

involved in every term of the tg^ equation while the signal Ep occurs 
in only the middle term of the second parenthesis. It is shown above 
that this term is small compared to the remaining terms in the parenthe- 
sis although not completely negligible. The remainder of the equation 
involves only the constants Iq* , }_x' » ^2. Definitions of these 

quantities show that for a given Zq and a given ag, which can be seen 
from appendix A to represent the steady acceleration, the parameters 
T-o' ) T’X* ) Sind Iz are functions of only the lead-network constants T4 
and Tg and hence the missile response in reaching the beam is controlled 
primarily by these two time constants. 
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APPENDIX F 

MISSHE EESPOIKE TO A STEP CEITICAL- 
SnRFACE ANGIE OF ATTACK 


A step-displacement critical— surface angle of attack can be devel- 
oped only by the variable— incidence and canard missiles since this 
critical angle is (a+8). The critical— surface angle for the tall— aft- 
control missile is a vhlch cannot be developed rapidly enough to 
approach a step function. The transfer function relating missile posi- 
tion R.nfl critical-surface angle can be found from the relation 


5m_ = X ^ 

a+8 8 a+8 


(PI) 


By definition, Ta = a(p)/S(p) so that 



1 ^ Ta^ + 2 ^aTaP + 1 

1+Ta TaV + (25aTa+KgTr)p + (l+B^) 


(F2) 


where la lis,s been given in the section on missile transfer functions , 
Carrying out the operation of equation (Pl) by multiplying equation (P 2 ) 
by (Al) and solving for Zm in response to a step displacement of the 
critical angle (a+S)^, 


■^M 


= (°'~''^)l. X 

Ts^(lfKg) 3 


Lvi+Kg/ 


Tb^P® + 2C^TbP + ^ 


P^ 


= (°^'*'^)l Tb^^ + 2^l)TbP + 1 ^^2) 

Tg2(i+Kg) p3(Tai^^ + 2CaiTaiP + l) 

It will be noticed that this equation is in the fona of equation (A 2 ) for 
the surface-deflection-limiter study and hence the solution developed in 
equation (Ait-) may be used by sinqjly replacing 8 l, Ta, o"a, and la 
by (a+8)i,/(l+K^), Tai, Sai^ cfai^ and lai^ respectively. The latter 
symbols can be written in teims of the former symbols as 


Tai = 


Te 


V 1 +Kg 

£a 


sal - 


^/l^ 


■g 


STa^/ 1 +Kg 
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(Tax - o’a 


+ 

2Ta^ 


Aai^ — 





KgTrO'a 

Ta2 ■ 


ThB evaluatioa of these parameters using values given in table II is 
shewn below for the variable— incidence and canard missiles: 


Missile 

Tax 

^ax 

Cax 

^ax 

Yariable 

incidence 

0.063h 

0.0372 

0.5697 

15.27 

Canard 

.053^ 

. 0^70 

.8811 

18.70 


The resultant time histories as evaluated by eguation (A^i-) then gives: 

Yariable 2ir(t) = -0.393 - 0.79t + l6lt® + 0.399©'^’^'^cos (875t-9.5) 
incidence 

Canard Zii(t) = -0.715 - 1.37t + l6lt^ + 0.722e"°*sstoos (l07&t-8.Jj-) 

Again, it may be seen that the missile response is approx ima ted by the 
t^ term or 


ZmC^) ~ 


(g+5)l, 
L2(l+Kg)Ts^ J 


(Fif) 


This equation can be sin^plified further. From equations (A7) and (A9), 
it is easy to show that 


(a+5)L = ngTs^^l 


Also, using the definition of given in the section on missile trans- 

fer functions, the factor (l+KgJ can be shown to be approximated by 

Hence, the response of equation (f^) becomes 


ZM(t) « ^ t^ 


(F5) 
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lABLE I SUMMARY OF MASS , GEOME!ERIC, ABD AERODYNAMIC CBARACTERISTIC3 

OF THE THREE MISSHES 


Lift ratio 

0.50 

0.10 

-0.24 

Missile 

Parameter — . 

Variable 

incidence 

Canard 

Conventional 
tail aft 
control 

m, slugs 

6.67 

6.67 

6.67 

ly, slug ft^ 

la 

4l 

4l 

Sf, ft^ 

2.61 

.86 

1.49 

Sr, ft^ 

I.l4 

2.97 

.90 

ft 

.20 

3.69 

.06 

Zr, ft 

4.56 

3.22 

4.70 

Ic6, Ib/rad 

10,300 

10,320 

7,450 

Lg, Ib/rad 

4,270 

1,270 

2,460 

ft Ib/rad 

-6,800 

-6,800 

-6,800 

Mg, ft Ib/rad 

2,760 

7,530 

-11,560 

Mg, ft lb sec/rad 

-26.4 

“43.7 

-22.5 

1^, ft lb sec/rad 

“6.3 

-7.5 

-6.0 

5 l, rad 

±.255 

+.170 

T.211 

Vsytrim % 

.406 

1.107 

-1.700 


BOTE: The body common to all three missiles was assumed to be 10.5 feet 

long, 8 inches in dianeter, and with an ogival nose 4 feet in 
length. All plan forms have 3^^ semi vertex angles. The con- 
trols are all-movable siurfaces and the tails are interdigitated. 






TABLE II.- STJMMAET CP MISSIIE JfflRCJDyHAMIC AMD 


^~\?lgnre 
Baxamet or'''~-^ 

Ma) 

4 ( 15 ) 

4{q) 

5 (a) 

5(i) 


0.006016 




0.006007 


,00301^ 

.000603 



.000603 

Te^ 

.0007511 




.0005284 


. 81)6 

1.539 

2.931 

.846 

1.539 


-.003611 




.-.000392 

% 

.404 

1.103. 

-1.696 

.404 

1.103 


.0536 

.0711 

.0425 

.0536 

.0711 

tb 

.0220 

.0153 



.0153 

Tl 

.025 

.025 

.025 

.025 

-025 

Ta 

.0721 

.0721 

.0721 

,0721 

.0721 

®a 

.846 

.846 


.846 

.b 46 

T4 

.320 

.370 

.423 

.395 

.440 

■Tb 

.0559 

.0559 

.0559 

.0559 

.0559 


27.9 

27.9 

15.0 

27,9 

27.9 

■Kc 

1.0 

l.Q 

1.0 

1.0 

1.0 

>^0 

44.2 

44.2 

44.2 

44.2 

44.2 




STABILIZATION PABAMETEBS 


5 (c) 

6(a) 

6fb) 

6(c) 

0.006021 

0.006016 

0.006007 

0.006021 

-.003454 

.003047 

.000603 

-.001454 

-.0006547 

.0007911 

.0005284 

-.0006547 

a.931 

.846 

1.539 

2.931 

.000496 

-.003611 

-.0003921 

.000496 

-1.696 

. 4 o 4 

1.103 

-1.696 

.0425 

.0536 

.0711 ' 

.0425 

.01201 

.0220 

.0153 

.01281 

.025 

•025 

.025 

.CK 5 

.0721 

.0721 

.0721 

.0721 

.846 

.846 

.846 

.846 ' 

.530 

.320 

.395 

.450 

.0559 . 

.0559 

.0559 

.0559 

17.0 

27.9 

27.9 

15.0 

1.0 

1.0 

1.0 

1.0 

44.2 

44.2 

44.2 

44.2 



















Radar beam 
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Figure !r System of axes, angular relationships, and displacements of 

missile and beam. 
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Radar, amplifier, 
and lead network 
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Servo 




Missile aerodynamics Missile aerodynamics 


ff 


KsPd+TtPi 

d+T,p) 


“* 9 


Pitch ~ angle feedback circuit Yp = 


(a) Limited control- surface deflection. 


Figure 2.- Block diagrams for control systems and missile. 
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Movable limiter set by 
servo a from fixed limiter 


Servo 



a measured by 
angle of attack 
vane 


Missile 
reference axis 


Fixed limiter set to 
critical angle of 
attack 



(b) Limited criticai- surface angle of attack. 
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Figure 2.- Concluded. 
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Interval / 

Interval 2 
Time, t, sec 

Interval 3 


Figure 3 - Normal -displacement step response for an idea! system 
with limited control deflection. 
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(a) Variable - incidence configuration . 


Figure 4.- Transient characteristics for optimum normal - 
displacement response ; limited error and control 
deflection. 
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Control Normal Normal 

Angle of attack ^ a, deg deflection ^ acceleration ^ displacement 
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40 
20 
O 

-20 
-40 

0 .8 t.€ 2.4 3.2 

Time, t, sec 

(c) Conventional tail -aft - control configuration. 

Figure 4. - Concluded . 
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o .8 t.6 2.4 3.2 

Time^ /, sec 

(a) Variable - incidence configuration . 


Figure 5.— Transient characteristics for dead-beat normal - 
displacement response ; limited error and control 
deflection . 







Angle of attack of Control Normal Normal 

control surface, deflection, acceleration displacement. 
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O .8 L6 2A 3.2 


Time, t, sec 

(b) Canard configuration . 
Figure 5.- Continued . 







Angle of attack Control Normal Normal 

of wing, a, deg deflection, acceleration, displacement, 

B,deg z^,ft 
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(c) Conventional tai haft '•control configuration. 


Figure 5.- Concluded . 




Angle of attack of Control Normal Normal 

control surface f deflection, acceleration, displacement. 
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O ,e !.€ 24 3.2 

Time, f,sec 


(a) Variable -incidence configuration . 

Figure 6.- Transient characteristics for optimum normal - 
displacement response ; limited error and critical 
surface angle of attack. 
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(b) Canard configuration . 


Figure 6.~ Continued . 






fcj Conventional tail - aft - control configuration . 
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Control Normal Normal 

Angle of attack^ a, deg deflection^ acceleration, displacement, 

S,deg Z^f/g Z^, ft 



m •vDYtt 






Time^ f, sec 

(c) Conventional tail - aft - control configuration . 
Figure 6- Concluded. 
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